Achieving efficient and reproducible generation of intense carrier-envelope phase (CEP) stabilized single-cycle light pulses in the visible and ultraviolet (UV) ranges is expected to have a strong impact in many fields, from time-resolved spectroscopy and coherent control of molecular dynamics [1] to the study of phase-sensitive nonlinear phenomena [2] and the generation of isolated attosecond pulses [3, 4] .
To generate single-cycle pulses, a spectral bandwidth of the same order or larger than the central frequency (usually called an octave-spanning spectrum) is required, and the radiation must be coherent and properly phase-locked across this spectrum. For spectra consisting of multiple sidebands, the frequency of each sideband must also be an integer multiple of the interband spacing if one wishes to synthesize a train of identical CEP-stabilized pulses.
Several techniques have been proposed to generate high-power single-cycle pulses in the near-infrared (NIR) and visible ranges. Temporal compression of the broadband supercontinuum produced by self-phase modulation (SPM) in gas-filled hollow-fibers [5] has been extensively used as an efficient source of sub-terawatt few-cycle pulses. This technique, combined with adaptive compression, resulted in 1.4 GW pulses as short as 2.6 fs [6] , whereas passive compression using broadband chirped mirrors has recently allowed for the generation of CEP stabilized high-power 1.5-cycle pulses [7] . A different but related approach based on self-compression by filamentation of ultrashort laser pulses in gases also holds promise for the generation of high-power CEP stabilized single-cycle pulses [8, 9] .
To our knowledge, the only experimental demonstrations of single-cycle optical pulse synthesis in the visible range [10, 11] rely on molecular modulation driven in a gas by two independent nanosecond lasers [12] . This process generates multioctave spectra composed of very narrow Raman sidebands separated by the frequency difference between the driving lasers. By spatially dispersing seven collinear sidebands generated in Deuterium and adjusting their phases with a liquid crystal modulator, a train of ∼ 10 6 single-cycle 1.6 fs pulses separated by 11 fs and with a peak power of 1 MW was obtained [10] . Very recently, trains of identical sub-cycle optical pulses with constant CEP within the train were synthesized from commensurate Raman sidebands produced in Hydrogen [11] . However, it remains difficult to isolate a single pulse from the train and the energy per pulse is very low.
In this paper we present and describe a new technique for synthesizing high-power CEP stabilized single-cycle pulses based on highly-nondegenerate cascaded four-wave mixing (CFWM). We will show that, by coherently superposing the multicolored phase-locked pulses produced by CFWM, a compact train of very short optical pulses can be obtained even without complex phase control.
The first demonstration of high-order nondegenerate CFWM in bulk transparent media [13] showed that multiple broadband ultrashort pulses extending from the NIR to the UV can be efficiently generated by spatially and temporally overlapping two intense noncollinear femtosecond pulses with different frequencies in a nonresonant χ (3) nonlinear medium. This phenomenon corresponds to coherent scattering of the incident pulses by the rapidly oscillating nonlinear polarization induced in the medium by the two-color pump field. More exactly, the two pump pulses with central frequencies ω 0 and ω 1 (ω 1 > ω 0 ) drive the χ (3) medium at the modulation (beat) frequency ω m = ω 1 −ω 0 , giving rise to multiple pulses with frequencies
where n is the beam order and n > 1 (n < 0) denotes frequency upconverted (downconverted) pulses. Simultaneous phase-matching is achieved by optimizing the pump interaction angle, and pulses with near-Gaussian beam profiles are emitted in a well-defined pattern where higher frequency shifts correspond to larger emission angles. The use of a 150-µm-thick glass slide as the nonlinear medium allowed for high conversion efficiencies (10-20% for Gaussian pumps) and the generation of frequency-upconverted beams up to the 11th order, while minimizing linear dispersion and competing nonlinear optical effects such as SPM, since the optical path length was simultaneously smaller than the Rayleigh range, the nonlinear length, and the dispersion length of the femtosecond pump pulses.
Nonresonant nondegenerate CFWM in the femtosecond regime was subsequently observed and demonstrated in other nonlinear media and spectral regions, from semiconductors pumped with mid-IR pulses [14] , to gases and plasmas pumped in the NIR to UV.
In particular, Misoguti et al. [15] successfully extended CFWM to the vacuum-UV range (down to 160 nm) using a gas-filled hollow waveguide pumped with ω and 2ω pulses from a Ti:sapphire laser. They obtained a conversion efficiency of 40% in the first order pulse (a remarkably high value for a direct nonresonant χ (3) process) while showing that CFWM allows for upconversion of light in very large energy steps (1.5 eV, or over 12000 cm −1 ), unlike resonant processes such as anti-Stokes Raman scattering, being therefore uniquely suited for generating intense light beyond the UV. These results evidence the universal nature of nonresonant CFWM processes, which can occur in quite different conditions and materials, provided the nonlinear medium is transparent to both the pump and the generated wavelengths, and the necessary phase-matching conditions can be met over a sufficiently broad range. They also confirm that frequency conversion using nondegenerate CFWM exhibits higher efficiencies and broader bandwidths than other schemes for generating light in the visible and the UV.
CFWM detains further characteristics of particular interest for pulse synthesis. In the important case of noncollinear phase-matching considered here, the new frequencies are already emitted at different propagation angles. This may obviate the need for dispersive elements such as the gratings or prisms used in SLM-based devices (see, e.g., Ref. [10] ) in case additional amplitude and/or phase control is used prior to beam recombination to synthesize a given pulse shape. Also, and unlike in Raman-based processes, the central frequency of the total spectrum and the separation between sidebands can be freely adjusted by tuning the pump frequencies, so in principle it should always be possible to obtain the commensurate sidebands required to synthesize a train of identical pulses. Furthermore, the multiband spectra that can be generated by cascaded four-wave mixing comes to fill the gap between the usual supercontinuum spectra generated by self-phase modulation of ultrashort pulses in transparent media and the multiline spectra generated by molecular modulation in Raman media, which also has important consequences in the time domain. Since the corresponding octave-spanning spectrum is composed of broad bandwidths separated by the pump beat frequency, the pump energy can be channeled into a synthesized field consisting of only a few pulses or even a single pulse.
A deeper insight into pulse synthesis by coherent addition of a finite number of CFWM pulses can be obtained with a simplified theoretical model, based on coupled amplitude equations between the pumps and the generated sidebands derived from the wave equation in the slowly-varying envelope approximation and assuming a cubic nonlinearity [16] . For two pump fields with complex amplitudesẼ 0 = E 0 e iφ 0 andẼ 1 = E 1 e iφ 1 , frequencies ω 0 and ω 1 , respectively, neglecting dispersion and pump depletion, and assuming perfect phasematching and constant coupling coefficients, the solution for the complex amplitudeẼ n of the field with frequency ω n at the exit of a medium with length L can be written as [16, 17] 
where s = γL is a nonlinear phase shift, δ = φ 1 − φ 0 is the initial phase difference between pumps, J n are the nth order Bessel functions of the first kind, and the nonlinear coefficient is given by γ = 3ω 0 χ (3) E 0 E 1 /(2n 0 c), with n 0 the linear refractive index at frequency ω 0 and c the speed of light in vacuum. Equation (1) predicts well-defined phase relationships between the several CFWM orders, thus establishing mutual coherence between the beams.
The total field in the time domain is then
From Eq. (2) and using the Jacobi-Anger identity, n J n (z) exp(inθ)i n = exp(iz cos θ), we obtain
This result is similar to the FM solution by Harris et al. [12] for coherent addition of Raman sidebands in the approximation of negligible dispersion and limited modulation bandwidth, with the important difference that in CFWM the synthesized pulse envelope strongly depends on the initial phase difference δ. In molecular modulation, the detuning between the driving frequency and the Raman transition dictates the preparation of a phased or an anti-phased molecular state, the latter resulting in a negative effective nonlinear coefficient γ for which the synthesized pulses could have an approximately negative chirp and hence could be further compressed by simple propagation in a normally dispersive medium [12] .
In the present case of CFWM, the sign of γ is independent of the pump field (and usually positive for most optically transparent χ (3) media), but the chirp of the synthesized pulses can nevertheless be controlled by adjusting δ alone. From Eq. (3) we see that φ 0 only affects the CEP fo the pulse train, defined with respect to the two-color beat envelope, whereas δ is associated with net temporal shifts and also determines the pulse chirp, as given by the oscillating nonlinear phase term. In particular, when δ = ±π/2, the synthesized pulses can have a negative chirp. In practice, a given phase difference can be introduced by slightly adjusting the delay between the two phase-locked pump pulses without significantly affecting their temporal overlap. Also, if the pump frequencies are commensurate, this will result in the generation of identical pulses that are CEP-stabilized within each train (although their CEP may change from shot-to-shot), since even though each CFWM step is not self-CEPstabilized, the total recombined field will be. The corresponding pulse envelopes will also be identical from shot-to-shot, provided that only the relative phase difference δ remains constant, which is a far less stringent requirement than the need of CEP stabilized pump pulses.
To demonstrate the feasibility of the proposed technique, we implemented the experimental setup in Fig. 1 , which comprises generation of the CFWM beams (I), pulse synthesis (II), and diagnostics (III). As in previous work [13] , two horizontally polarized visible femtosec- ond pulses from a dual-wavelength (orange: λ 0 =615 nm, ∼80 fs, 2 mJ; green: λ 1 =569 nm, ∼60 fs, 200 µJ) 10 Hz dye laser amplifier are used as pumps. In this laser system, the green pump beam is directly (optically) derived from the orange pump beam: a small portion of the orange beam is first used to generate supercontinuum in a cell filled with deuterated water, and then the green portion of this supercontinuum is amplified using green laser dyes. Even though supercontinuum generation and laser action are coherent processes, the relative phase between the two pulses is not actively locked and can fluctuate due to normal thermal and mechanical perturbations in the system. The system is not tunable, since the two colors are fixed by the gain bandwidths of the respective laser dyes, but the two visible pump wavelengths spaced by some tens of nanometers are nevertheless quite adequate to generate CFWM spectra composed of many, closely spaced, broad bandwidths in the visible and UV, which are useful for synthesizing short pulse trains in these important spectral regions.
The pulses, which are commensurate to within 0.2% (well within their ∼ 5 nm bandwidths), are passed through Glan-Taylor polarizers (GTP; 100000:1 extinction ratio) and diaphragms (D) prior to focusing with a best-form lens (L1), at an external noncollinear interaction angle α ∼ 3
• , onto a 150-µm-thick fused-silica slide (FS1) oriented at 45
• . The tilt angle is important to prevent total internal reflection of the generated higher order CFWM beams and also contributes to equalizing the optical path differences between the angularly dispersed beams. Fused-silica was chosen as the nonlinear medium because its transparency in the UV (down to 180 nm) and low dispersion favor noncollinearly phase-matched CFWM over broader bandwidths than standard optical glass [18] .
At the entrance plane of slide FS1, the synchronized orange and green pulses have energies of 32 and 38 µJ, respectively, near-transform-limited durations, and similar intensities on the order of 2 × 10 12 W/cm 2 , generating two frequency-downshifted and a fan of frequencyupshifted CFWM beams up to the 20th order, or 209 nm, as shown in Fig. 2(a) . To our knowledge, this is the highest order process ever generated by CFWM of femtosecond pulses.
The total measured energy in the cascaded beams (excluding orders 0 and 1) is > 6 µJ, so approximately 10% of the incident energy is transferred to the newly generated frequencies.
Pulse recombination and coherent addition of the cascaded orders was implemented with a low dispersion setup [ Fig. 1(II) ] based on two carefully aligned λ/8 Aluminum-coated off-axis parabolic mirrors P1 (f=2.54 cm) and P2 (f=5.08 cm) to first collimate and then focus the angularly separated multicolored pulses into a small (∼ 100 µm) white-light spot. launched the transmitted pulses into a 400-µm-core intensity calibrated fiber-coupled spectrometer (FCS). In this low-dispersion setup, the high degree of pump polarization provided by the Glan-Taylor polarizers was directly transferred to the CFWM beams, unlike in standard polarization-gated setups where signals must first cross a dispersive polarizing element prior to gating. To increase the signal-to-noise ratio, PG-XFROG traces were registered by averaging ten gated spectra for each time delay (6.7 fs time steps). A typical PG-XFROG trace is shown in Fig. 3(a) clearly revealing multiply synchronized, near-chirpless pulses produced by nondegenerate CFWM of the transform-limited pumps. To our knowledge this is the first time-resolved measurement of multiple CFWM processes, comprising 13 simultaneously gated pulses. From the measured XFROG trace, we see that near-dispersionless focus-to-focus imaging between slides FS1 and FS2 was achieved. To test the sensitivity of Corresponding two-octave spectrum measured at the focal plane of mirror P2. TBPs between 3.3 and 4.7 with XFROG errors between 0.01 and 0.02 were consistently obtained for all but the last three (and much less intense) UV orders. The gated CFWM field was therefore fully characterized apart from the unknown but fixed (assuming a constant δ) phase differences between the cascaded pulses. By setting these phases to zero (performed by introducing small, fixed time delays between each cascaded pulse) we obtain a synthesized field composed of a main transform-limited 2.2 fs (FWHM) pulse -less than 1.3 optical cycles at the center wavelength of 513 nm -and two smaller side pulses at a distance of 25 fs (the pump beat period), as shown in Fig. 4 . Since most of the energy in the total field is concentrated in a single main pulse, CEP stable pulses can be synthesized even for non-commensurate pumps pulses, provided they are CEP stabilized. The energy in the pulse is ∼ 5 µJ, corresponding to a peak power of ∼ 2 GW.
We would like to point out that even if beam recombination and pulse synthesis take place at a small region within the focal plane of mirror P2, it should be possible to synthesize a collimated pulse by using a diffraction grating placed at the focal plane of mirror P2 to cancel the angular separation of the CFWM beams, although at the expense of bandwidth since gratings are limited to one octave.
In conclusion, we have presented and demonstrated a technique to efficiently Fourier-synthesize high-power few-to single-cycle pulses in the visible-UV range from the multiband coherent spectra generated by cascaded nondegenerate four-wave mixing of femtosecond pulses in bulk nonresonant χ or hollow-fiber compressor to obtain two phase-locked pump pulses with a given frequency separation) will significantly improve the generation and measurement (through the shorter gate pulses) of near-single-cycle trains of identical pulses and CEP-stabilized isolated singlecycle pulses using this technique, which should have a strong impact in many fields of science and technology.
